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The objective of this paper is to develop a new and more accurate local linearization algorithm for numerically
solving sets of linear time-varying differential equations. Of special interest is the application of this algorithm to
the quaternion rate equations. The results are compared, both analytically and experimentally, with previous
results using local linearization methods. The new algorithm requires approximately one-third more calculations
per step than the previously developed local linearization algorithm; however, this disadvantage could be
reduced by using parallel implementation. For some cases the new algorithm yields significant improvement in
accuracy, even with an enlarged sampling interval. The reverse is true in other cases. The errors depend on the
values of angular velocity, angular acceleration, and integration step size. One important result is that for the
worst case the new algorithm can guarantee eigenvalues nearer the region of stability than can the previously
developed algorithm.

Introduction

DUE to the extensive use of digital computers in the past
decade, people have developed many integration

algorithms. These range from the Euler method, which is very
simple but less accurate, to the Runge-Kutta method, which is
very accurate but time consuming.1'2 In real-time digital
simulation, we desire a numerical algorithm that is both
accurate and fast.3'4 Unfortunately, it is a general rule that
there is a tradeoff between speed and accuracy; that is, a more
accurate method would be more time consuming.

The second-order Adams-Bashforth method (AB-2) is an
algorithm which has been used to solve the quaternion rate
equations that are widely used for determining the orientation
of missiles and aircraft in real-time, both in actual flight and
in simulation problems.1'4 Here the use of more computation
permits the use of simpler instrumentation. The AB-2 method
is accurate enough for moderate angular velocity, but with the
advent of high-performance aircraft we encounter high
angular velocities which make the AB-2 method less accurate.
To improve this situation, a more accurate integration
algorithm based on local linearization (LL) was developed.!
Based on this same reasoning, we have developed a new
algorithm (NLL) which is an extension of the LL algorithm as
an attempt to provide further improvement. In this paper, the
NLL algorithm is compared with the LL algorithm both
analytically and experimentally. The comparison includes
both stability analysis and error analysis. In one of the
examples simulated, the NLL algorithm has the more accurate
behavior, while in another example the LL algorithm is better.
In general, however, the NLL algorithm is expected to
provide the better performance because of its superior
stability properties. N

Development of the NLL
The quaternion equations can be written in matrix form,

X(t)=A(t)X(t)

where
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A(t)=~2

0 -r(t) -q(t) -p(t) ~

r(t) 0 -p(t) q(t)

q(t) p(t) 0 -r(f)

_p(t) -q(t) r(t). 0

(I)

and with /?, q, and r, being pitch, roll, and yaw rates,
respectively.

One might expect the solution of Eq. (I) to be of the form

' A(t)di)x(t0 )

where

but, in general, this is not true.
The most general so lu t ion of Eq. ( I ) is

X ( t ) = $(t,t0)X(t0), where $(t,t0) is the solution of
3>(t,t0)=A(t)<b(t,t0) and $(/?>0) =/.5»6 Unfortunately,
even for a very simple time-varying system, it is difficult to
determine$(t,t0) analytically.7

For the NLL algorithm, we first expand A (/) about tk

A(t)~A(tk)+A(tk)(t-tk)

Letting A(tk) = Ak and A ( t k ) = Ak, we have

X(t)=AkX(t)+Ak(t-tk)X(t) (2)

Although Ak, Ak are now constants, it is still difficult to
find a closed-form analytic solution of Eq. (2) due to the
tX(t) term in the second part of the right side. One has to

. make a further approximation in this term. Let

X(t)=X(tk)+X(tk)(t-tk) (3)

Letting X ( t k ) =Xk and X ( t k ) =Xk, and substituting Eq.
(3) into the second part of the right side of Eq. (2), we get

X(t) =AkX(t) + AkXk (t-tk) +AkXk (t-tk) - (4)
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The first term in the right side of Eq. (2) has been left exact
since it presents no complication.

Because Xk =AkXk9 we can rewrite Eq. (4) as

X(t)=AkX(t)+AkXk(t-tk)+AkAkXk(t-tk)2 (5)

Comparing with the LL algorithm,

X(t)=AkX(t)+AkXk(t-tk) • (6)

we find that the NLL algorithm has an extra term,
AkAkXk(t-tk)2.

The solution of Eq. (5) is

+ 2Ak
3[eAkT-I-AkT-A2

kT2/2]AkAkXk^ (7)

where

Equation (7) is the NLL algorithm .
If A(t) is constant, Ak=Q9 Eq. (7) becomes

Xk+i=eAkTXk, which corresponds to a time-invariant
system.

Simulation
We have used the following two sets of data for testing the

NLL and LL algorithm, respectively:
Data set 1

p = 10sin0.5f
q = 2sint
r = q

Data set 2

p =5sin0.25f
q =0.25 cos I2t
r =0.25 sin \2t

Because we did not have angular acceleration data as a
direct input, we used the following strategies: For K = Q we
used (A]-A0)/Tto approximate A0t and for K > 1 we used
(Ak+] —Ak_])/2Tto approximate Ak. Note that our solution
is for time k + 1; therefore, A k+7 is available to use in forming
Ait-

One may wonder why the angular velocities are not dif-
ferentiated electronically to obtain the acceleration signals.
Certainly this is possible, however, the signals obtained would
generally be quite noisy. For this reason the finite differencing
operation is proposed.

If w£=0, it means that no rotation occurs; we omit the
calculation and Xk+7 will be equal to Xk.

The calculations required by the two algorithms were
evaluated with respect to computation time. It was assumed
that addition requires T seconds, multiplication 2T seconds,
square roots 4T seconds, and trigonometric functions 107
seconds. Some economy was achieved through noting the
appearance of certain terms several times in both the
algorithms/With the above assumptions, it was found that
computing Xk+1 given Ak+1 and Xk required 1547 seconds
using the LL algorithm and 203 T seconds using the NLL
algorithm, or approximately one third more time using the
NLL algorithm. Some of this increase could be eliminated
through the use of parallel operations.

The figures compare the accuracy of the simulations in
terms of deviation from the "ideal" solution (the one ob-
tained using fourth-order Runge-Kutta with a very small
integration interval).

In Figs. 1 and 2, we use approximately three cycles of
output data to calculate the mean-square errors (MSE). In
Figs. 3 and 4, we illustrate how the mean-square error varied
with simulation time. It is obvious that for data set 1 the NLL
algorithm yields a better result than the LL algorithm, but for
data set 2 the situation is reversed. We will discuss these in the
section on stability and error analysis. These calculations were
performed at the University of Virginia on a Cyber 170 series
computer.

Stability and Error Analysis
The eigenvalues of the system [Eq. (1)] which has the

quaternion matrix as its system matrix are purely imaginary
with multiplicity two, that is, ±(w/2)/ , ±(w/2)i where
W2=p2+q2+r2. One difficulty is that all classical explicit
methods which are suitable for real-time simulation have
stability boundaries that do not include the imaginary axis
except at the origin.1 Therefore, any truncation or roundoff
errors4 introduced in the solution process will, in general, not
die out and the integral curve can diverge.

The NLL algorithm can be written as

Fig. 1 Relations between MSE and step size for LL and NLL
algorithm, data set 1.

Fig. 2 Relations between MSE and simulation time for LL and NLL
algorithm, data set 2.
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Fig. 3 Relations between MSE and different step size for LL and
NLL algorithm for different step size.

Fig. 4 Relations between MSE and simulation time for LL and NLL
algorithm for different step size.

where

0 0 0

1 0 0

O . Q . I

0 0 0

0 -G -/ -K

G 0 -K J

J K 0 G

K -J -G 0

(9)

with

H =C1+

G =

J =

K =

where

Cl =

C2 =(2/Wk)sin'/2lVkT

C3 =

C4 =

C5 =2C4

C6 = (4/W2
k)[T2-(8/W2

k)(l-<;osi/2WkT)]

51 =y4(rkrk+qkqk+Pki)k)

52 = !/4(pkqk-qkpk)

53 = 1/4(rkpk-pkrk)

54 = 1/4(qkrk-rkqk)

55 = '/a [rk(p2
k + q2

k-r2
k) -2rkqkqk -2rkpkpk]

56 = l/s[qk(p2
k -q2

k+r2
k) -2qkpkpk-2qkrkfk]

57 =>/s [pk ( -pl+ql+ri) -2pkqkqk -2pkrkrk]

The eigenvalues of the matrix Mk are

?2=^ =//-/> (10)

The magnitude of £, (j = 1 , ... ,4) is given as

(T2W2
k/4)R2(Z)-T2Wk(sinZ)R(Z) (11)

where

Y=WkT* Z=WkT/2

P(Z) =sinZ/Z-cosZ-2cosZ(7-sinZ/Z)

Q(Z) = (5/4Z2)(l-cosZ)2

+ (9/4) (7-sinZ/Z)2- ̂ (7-cosZ)

/?(Z)=7-2(7-cosZ)/Z2

Because the eigenvalues of A (t) are on the imaginary axis,
a good discrete time algorithm would necessarily have root
locations on the unit circle, i.e., l^y 1 1 = 1 . The error in l£y 1 2

k
is defined as

Error* = ( >7Z)P(Z) + ( Y/Z)2Q(Z) k

-H ( T4 W2
k/4)R2 (Z) - T2 Wk (sinZ)R(Z)

For J^ ;*0 and Wk*0,

limit errorA.=0
t-o

that is , the method is consistent .
For sufficiently small T,

(12)

The corresponding result for LL1 is

\$j\2=l+ W2
kT4/16+WkWkT3/6+0(Ts)

(13)

(14)

The implications of these equations will be discussed later.
Let us now turn our attention to Eq. (8).

For any rotation step from k to A: + 1 , there exists a tran-
sition matrix M which exactly represents the rotation step.
This is true regardless of whether the step is infinitesimal or
finite. In fact, the true M is the matrix equivalent of the
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quaternion associated with the rotation. One source of error
in both the LL and NLL algorithms is that, for a finite
rotation, the matrix M computed is at best a good ap-
proximation of the true transition matrix. In the general case,
M is the sum of a true term MT and an error term ME";
M=MT+ME, and also the state Xk is the sum of the true
state X(tk) and an error term Ek. Using these definitions, the
state transition equation

Xk+l=MkXk

becomes

X(tk+j)+Ek+1 = (MTk +MEk) ( X ( t k ) +Ek) +r(tfc,T)

Subtracting X(tk+l)=MTkX(tk) from both sides yields the
error propagation equation

Ek+]=MEkX(tk)+MkEk (15)

It is seen that the behavior of Ek depends not only on Mk
but also on MEk. By making Mk have very small eigenvalues,
the homogeneous behavior of Eq. (15) would die out very
rapidly. However, if the eigenvalues of Mk are very small, this
means that Mk must deviate considerably from the true value
for M (since the eigenvalues for the true M have magnitudes
of unity) and, therefore, MEk will be large. Thus the solution
is not simply to choose an Mk with arbitrarily small eigen-
values.

On the other hand, if the eigenvalues of Mk are greater than
unity, one not only has the presence of the MEkX(tk) term as
a forcing function in Eq. (15) but also unstable homogeneous
behavior.

Thus, one simple measure of accuracy of solution is the
deviation of the eigenvalues of Mk from unity in magnitude.
(Note that having eigenvalues of unity magnitude is a
necessary but not sufficient condition for accurate per-
formance.) Looking at Eqs. (13) and (14), certain ob-
servations can be made in this regard.

If Wk and Wk are of the same sign, it is obvious that the
NLL algorithm is superior to the LL algorithm. In aerospace
applications, the angular acceleration Wk must eventually
change sign; the eigenvalues of NLL algorithm will always lie
outside the unit circle; however, the eigenvalues of LL
algorithm will not always lie outside the unit circle. In this
situation, it is really hard to compare the two algorithms. One
may be better some of the time and the other better at other
times. This can also be seen from Figs. 1-4.

Based on Eqs. (13) and (14), one can make comparisons on
the least upper bounds of the eigenvalues. For the LL

algorithm, dropping terms in T of order five and higher, one
has

l £ y l f < 7 + \W2
kT4/16\+ \WkWk\T3/6

while for the NLL algorithm one has

\tj\2
k<l + \W\T4I16\

Thus, a guarantee of stability in the worst case is more
nearly satisfied for the NLL algorithm than for the LL
algorithm.

Conclusion
A new local linearization algorithm has been developed for

solving the quaternion rate equations. This algorithm is
slightly more complex and requires one third more com-
putation time than the previously developed local
linearization algorithm. For two examples tested, the new
algorithm performed better in one case and poorer in the
other. Based on a stability analysis, however, the new method
does guarantee better behavior under the worst case.
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